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Abstract— We propose a novel probabilistically robust con-
troller for the guidance of an unmanned aerial vehicle (UAV) in
coverage planning missions, which can simultaneously optimize
both the UAV’s motion, and camera control inputs for the 3D
coverage of a given object of interest. Specifically, the coverage
planning problem is formulated in this work as an optimal
control problem with logical constraints to enable the UAV
agent to jointly: a) select a series of discrete camera field-of-
view states which satisfy a set of coverage constraints, and
b) optimize its motion control inputs according to a specified
mission objective. We show how this hybrid optimal control
problem can be solved with standard optimization tools by
converting the logical expressions in the constraints into equal-
ity/inequality constraints involving only continuous variables.
Finally, probabilistic robustness is achieved by integrating
the unscented transformation to the proposed controller, thus
enabling the design of robust open-loop coverage plans which
take into account the future posterior distribution of the UAV’s
state inside the planning horizon.

I. INTRODUCTION

The interest in unmanned aerial vehicles (UAVs), and their
utilization in various applications domains such as security
[1]–[4], emergency response [5]–[7], monitoring/searching
[8]–[12], air-traffic management [13], [14], and automated
infrastructure inspection [15]–[18] has peaked in the last
years. The majority of the application domains mentioned
above require some form of coverage planning [19], which
in general requires the UAV to be able to plan an opti-
mal trajectory for the coverage of a specific set of points
or objects inside an area of interest. Designing fully au-
tonomous coverage missions with UAVs however requires
robust planning methodologies. More specifically, the utiliza-
tion of autonomous UAVs in challenging application domains
such as the ones discussed above is directly correlated
with their ability to cope with, and minimize the effects
of uncertainty caused by external disturbances, modelling
mismatch, and sensor imperfections. Typically, closed-loop
control [20], [21] is utilized in such scenarios to mitigate the
effects of the uncertainty, and generate reliable trajectories.
These approaches rely on the availability of accurate sensor
readings (e.g., availability of GPS signals), that can be
used for updating the control inputs to compensate for the
disturbances. However, there are situations where sensor
measurements cannot be utilized either because they are
contaminated with noise, or because they are completely
unavailable. In such scenarios, close-loop control cannot be
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used, and therefore it is desirable to compute robust open-
loop trajectories which do not rely on sensor readings.

In this work, we combine the unscented transformation
(UT) [22] with optimal control, to design a probabilistically
robust open-loop control law which can guide an autonomous
UAV agent to cover in 3D the surface area of an object
of interest in the presence of uncertainty caused by ran-
dom disturbances on the UAV’s dynamics. In principle, as
discussed in detail in Sec. V, the sigma-points of the UT
act as controllable particles guided by the same open-loop
controller, and are used as a surrogate for the characterization
of the posterior distribution of the UAV’s state. As a result,
the future probability distribution of the agent’s state can be
guided inside a finite planning horizon to meet a certain set
of probabilistic mission constraints. The proposed unscented
optimal control problem is then integrated with a set of log-
ical constraints, which are responsible for the simultaneous
optimization of the UAV’s motion and camera control inputs.
In particular, these logical constraints enable the guidance
of the UAV through a series of waypoints (the waypoint
traversal order is determined during the optimization), and
subsequently the selection of a set of discrete camera field-
of-view (FOV) states which result in the coverage of the
required surface area. The contributions of this work can be
summarized as follows:

• We propose a novel coverage controller for an au-
tonomous UAV agent which generates probabilistically
robust coverage plans for 3D objects. We show how
probability constraints can be translated into equivalent
deterministic constraints which, via the unscented trans-
formation, take into account the probability distribution
of the agent’s state.

• We formulate the coverage planning problem as an
optimal control problem with logical constraints to al-
low the simultaneous optimization of the UAV’s motion
and camera control inputs. Subsequently, we show that
these logical constraints can be realized through equality
and inequality expressions involving only continuous
variables, and therefore the problem can be solved using
standard off-the-shelf optimization tools.

The rest of the paper is organized as follows. Section II
summarizes the related work on coverage planning. Section
III discusses our modelling assumptions, and Section IV
formulates the problem tackled in this work. Then, Section V
discusses the details of the proposed approach, and Section
VI evaluates the proposed approach. Finally, Section VII
concludes the paper and discusses future work.



II. RELATED WORK

A good starting point for the problem of coverage path
planning with ground robots is the survey paper in [23].
Another survey paper emphasizing the utilization of UAVs
in coverage path planning can be found in [24], and more
recently a comprehensive review of the different coverage
planning techniques can be found in [25].

Related to the proposed approach, the work in [26] in-
troduces an automated terrain coverage algorithm using a
fixed-wing UAV. The authors use the Boustrophedon cellular
decomposition (BCD) method to partition the free space
into non-overlapping cells, and then find an Eulerian circuit
through all connected cells by solving a linear program. A
coverage technique with multiple agents also based on BCD
is illustrated in [27] for planar environments. The problem
of terrain coverage with a UAV, is also investigated in [28]
under photogrammetric constraints, whereas the approach
presented in [29] tackles the terrain coverage problem for
rectilinear environments with multiple UAV agents. The 3D
terrain coverage problem with a team of UAVs is investigated
in [30], where the objective is to find the deployment of
UAVs which achieves maximal coverage, while avoiding
collisions with the obstacles in the environment.

The problem of area coverage planning with uncertain
robot poses is investigated in [31]. The authors propose the
use of a probabilistic coverage map which is recursively
updated using sensor readings, and which in turn can be used
to plan coverage paths that take into account the uncertainty
on the robot’s pose. Moreover, the work in [32] proposes
a coverage planning algorithm for the exploration of the
oceanic terrain using multiple underwater vehicles which
experience sea current disturbances, and the survey paper in
[33] discuses in more detail the problem of motion planning
and guidance in the presence of uncertainty.

The coverage of a 3D object of interest with a UAV is
posed in [34] as a view-planning problem. In particular,
the authors in [34] propose a sampling based technique
which generates candidate viewpoints of the object, and
then combinatorial optimization is applied to find the most
suitable set of viewpoints for coverage. The work in [35] also
formulates the 3D coverage planning problem as a view-
planning problem, and proposes several greedy algorithms
on how to generate candidate viewpoints that maximally
cover the object of interest. However, the techniques based on
view-planning usually do not generate continuous coverage
trajectories based on the underlying robot’s dynamics, rather
they produce a series of discrete robot states.

A 3D coverage planning approach which extends the
rapidly-exploring random tree method is proposed in [36],
with the objective to find a feasible sampling-based path
which covers the object of interest. More recently, the work
in [37] proposed mixed-integer programming technique to
tackle the problem of 3D coverage planning of a cuboid-
like structures with autonomous UAV agents, whereas in [38]
and [39] the coverage problem is formulated as a learning
problem, and solved using deep reinforcement learning and
imitation learning respectively. Finally, in [40] and [41]
the coverage planning problem is formulated as an optimal
control problem with visibility constraints, and solved us-
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Fig. 1. The agent’s state xt = [xt, yt, zt, θt, ϕt] is composed of position
i.e., xp

t = [xt, yt, zt], and orientation i.e., xo
t = [θt, ϕt] components, with

motion dynamics expressed by the state-space model shown in Eq. (1).

ing mixed integer optimization, and reinforcement learning
respectively.

Despite the progress in this domain, more work is required
until coverage planning can be utilized in fully autonomous
flight missions. The majority of the related work: a) only
considers 2D planar environments [23], or focuses on the task
of terrain coverage [28]–[30], and not in the task of covering
3D objects of interest, and b) does not jointly optimizes the
UAV’s motion and camera control inputs [18], [26], [36].
Finally, the number of robust coverage planning approaches
in the literature is very limited [24], [25].

III. PRELIMINARIES

A. UAV Dynamical Model
An autonomous UAV agent operates inside a bounded 3D

environment E ⊂ R3 with motion dynamics described by the
following discrete-time non-linear state-space model:

xt+1 = xt +∆T (uvt + ωv
t ) cos(ϕt) sin(θt), (1a)

yt+1 = yt +∆T (uvt + ωv
t ) sin(ϕt) cos(θt), (1b)

zt+1 = zt +∆T (uvt + ωv
t ) sin(θt), (1c)

θt+1 = θt +∆T
(
uθt + ωθ

t

)
, (1d)

ϕt+1 = ϕt +∆T (uϕt + ωϕ
t ), (1e)

where the agent’s state xt = [xt, yt, zt, θt, ϕt]
⊤ ∈ X is

composed of position i.e., xp
t = [xt, yt, zt]

⊤ ∈ R3, and
orientation i.e., xo

t = [θt, ϕt]
⊤ components. In particular,

θt ∈ [−π/2, π/2], and ϕt ∈ [−π, π] denote the vehicle’s
orientation at time-step t around the y−axis, and z−axis
respectively, as illustrated in Fig. 1. The control input vector
ut = [uvt , u

θ
t , u

ϕ
t ]

⊤ ∈ U consists of the UAV’s linear i.e.,
uvt , and angular i.e., (uθt , u

ϕ
t ) velocities, ∆T is the sam-

pling interval, and the normally distributed and uncorrelated
random variables ωv

t ∼ N (0, σ2
v), ω

θ
t ∼ N (0, σ2

θ), and
ωϕ
t ∼ N (0, σ2

ϕ) model the disturbance on the agent’s control
inputs. The disturbance vector will be denoted hereafter as
νt = [ωv

t ωθ
t ωϕ

t ]
⊤ ∼ N (ν̄t, Qt), where ν̄t = [0 0 0]⊤,

and the covariance matrix Qt ∈ R3×3 is given by Qt =
diag([σ2

v σ
2
θ σ

2
ϕ]). Finally, it is assumed that the agent’s state

is initially distributed as x0 ∼ N (x̂, P̂ ), where x̂, and P̂
denote the mean and covariance matrix respectively of the
agent’s state at time-step t = 0. For brevity, the UAV’s
dynamical model i.e., Eq. (1), will be denoted hereafter as
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Fig. 2. The figure illustrates: (a) the agent’s camera FOV characteristics,
and (b) the camera FOV rotations Vm,m ∈ {1, ..,M} for all admissible
pairwise combinations of the rotation angles (ψy , ψz) ∈ Ψ̃.

xt+1 = f(xt,ut,νt), and can potentially be adapted to fit
the behaviour of the platform at hand i.e., multi-rotor or
fixed-wing UAVs.

B. UAV Camera Model

The UAV agent is equipped with a camera which exhibits
a limited field-of-view (FOV), modelled in this work as a
regular right pyramid composed of four triangular lateral
faces, and a rectangular base. The camera’s optical center
(given by the agent’s position xp

t ) is assumed to be located
at the apex which is positioned directly above the centroid
of the FOV base. The length ℓfov, and width wfov of the FOV
rectangular base (i.e., the size of the projected FOV footprint)
is determined by the camera’s optical characteristics i.e., the
horizontal (φh), and vertical (φv) FOV angles, as ℓfov =
2hfov tan(

φh

2 ), and wfov = 2hfov tan(
φv

2 ). The parameter hfov
denotes the camera observation range. The vertices of the
camera FOV for a UAV agent positioned at the origin of the
3D cartesian coordinate frame, assuming the camera FOV
is pointing forward (i.e., the line, of length hfov, which is
joining the centroid of the base and the apex of the pyramid
is parallel to the normal of the zy−plane), is given by the
3-by-5 matrix V0 as:

V0 =

[
hfov hfov hfov hfov 0
ℓfov/2 ℓfov/2 −ℓfov/2 −ℓfov/2 0
wfov/2 −wfov/2 −wfov/2 wfov/2 0

]
. (2)

The camera’s FOV can be rotated in 3D space by executing
sequentially two elemental rotations i.e., one rotation by
angle ψy ∈ [−π/2, π/2] around the y−axis, followed by
a rotation ψz ∈ (−π, π] around the z−axis. Subsequently, at
time-step t the pose of the camera FOV can be described by
the following geometric transformation:

V i
t (ψy, ψz) = Rz(ψz)Ry(ψy)V

i
0 + xp

t ,∀i ∈ {1, .., 5} (3)

where V i
0 denotes the ith column of the matrix V0,

V i
t (ψy, ψz) is the corresponding rotated vertex of the FOV

parameterized by the rotation angles ψy and ψz , and xp
t is the

UAV’s location at time-step t. The matrices Ry(a) and Rz(a)
represent the basic 3-by-3 rotation matrices [42] which
rotate a vector by an angle a around the y− and z−axis
respectively. Finally, it is assumed that the rotation angles
ψy ∈ Ψy , and ψz ∈ Ψz take their values from the finite sets
of admissible rotation angles Ψy and Ψz respectively. Let
us denote Ψ̃ = {(ψy, ψz) : ψy ∈ Ψy, ψz ∈ Ψz} the set of
all M = |Ψ̃| pairwise combinations of rotation angles; there

x

y

z
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Fig. 3. The figure illustrates: (a) The object of interest O to be covered,
and its surface area ∂O which is represented as a 3D point cloud P , (b)
the proposed approach uses Delaunay triangulation to partition the object’s
surface area into a finite number of non-overlapping triangular facets K ∈
K, thus forming a 3D mesh of its boundary.

exist M different orientations of the camera FOV which are
given by: V i

m = Rz(ψz)Ry(ψy)V
i
0 , ∀(ψy, ψz) ∈ Ψ̃, m ∈

{1, ..,M}, i ∈ {1, .., 5}, and Vm ∈ R3×5 denotes the mth
orientation, as shown in Fig. 2.

C. Object of interest to be covered

In this work we assume that the surface area ∂O of the
convex object of interest O to be covered is represented as
a 3D point cloud which was obtained via a 3D scene recon-
struction step [43]. This 3D point-cloud is then triangulated
using Delaunay triangulation [44] to form a 3D mesh K
which is composed of a finite number of triangular facets
K ∈ R3×3 ∈ K, as illustrated in Fig. 3. The objective of the
UAV agent is to plan an optimal trajectory which covers a
specific subset K̃ ⊆ K of the facets on surface area of the
object of interest O. The number of facets that need to be
covered will be denoted hereafter as N = |K̃|, where (|.|) is
the set cardinality.

IV. PROBLEM STATEMENT

The problem tackled in this work, can be stated as follows:
Given a sufficiently large planning horizon of length T time-
steps, find the UAV’s collision-free motion control inputs
ut, t ∈ {0, .., T − 1}, and camera FOV states Vm,t, m ∈
{1, ..,M}, t ∈ {1, .., T}, which: a) minimize the mission’s
cost function J(x1:T ,u0:T−1) that is defined over the UAV
control inputs and state trajectory, and b) allow the UAV
agent to maximally cover with its camera FOV the subset of
facets K̃ ⊆ K on the object’s surface area.

During the coverage mission the UAV agent needs to
cover all N facets K̃n, n ∈ {1, .., N} (where K̃n ∈ K̃)
by appropriately selecting a series of discrete camera FOV
states Vm,t, m ∈ {1, ..,M}, t ∈ {1, .., T}. To achieve
this functionality, we follow the procedure outlined next:
For each facet K̃n on the object’s surface that needs to be
covered, a waypoint Wn ∈ R8×3 (represented by the vertices
of a cube with length ℓW ) is generated. The set of generated
waypoints W , are associated with the set of facets K̃ based
on an one-to-one correspondence, and |W| = |K| = N .

The purpose of the waypoint Wn which is associated with
the facet K̃n is to ensure that when the agent’s state xt,
at some time-step t, resides within the convex hull of the



waypoint Wn (denoted by slight abuse of notation as xt ∈
Wn), there exists a camera FOV state Vm,t,m ∈ {1, ..,M}
that results in the coverage of facet K̃n i.e., the facet K̃n

resides within the convex hull of the camera’s FOV (with
slight abuse of notation this is denoted as K̃n ∈ Vm,t). Now,
because the agent’s state is a stochastic quantity, we would
like to ensure that each waypoint Wn will be visited with a
certain probability. This is discussed in more detail in Sec.
V. It is important to note here that the optimal waypoint
traversal order is determine on the fly i.e., the time-step at
which each waypoint is visited is not predetermined, and
is decided during optimization. To enable this functionality,
along with the selection of the required discrete camera FOV
states for coverage, we design and solve an optimal control
problem with logical constraints. Finally, we would like to
make sure that the UAV agent avoids collisions with the
obstacles in the environment with certain probability set by
the designer. This is discussed in Sec. V-D.

V. UNSCENTED OPTIMAL CONTROL FOR 3D COVERAGE
PLANNING

In this section the details of the proposed coverage plan-
ning controller are shown in Problem (P1). Specifically, in
Sec.V-A we describe on how the unscented transformation
is utilized in this work to generate plans based on the future
probability distribution of the UAV’s state. Then, in Sec.V-
B we describe how we have integrated probabilistic and
logical constraints into optimal control to enable robust UAV
guidance through a series of waypoints, and subsequently in
Sec.V-C we discuss how coverage is achieved through the
control of the UAV’s camera. In Sec.V-D we present the
proposed robust obstacle avoidance technique, and finally the
mission’s objective cost function is described in Sec. V-E.

A. Uncertainty Propagation
The constraints shown in Eq. (16b) - Eq. (16m) utilize the

unscented transformation (UT) [22] in order to estimate the
posterior distribution of the state of the UAV agent at each
time-step, given the stochastic non-linear motion dynamics
shown in Eq. (1). Specifically, consider the problem of
propagating a d-dimensional random variable x, with mean
x̄, and covariance matrix Px, through the nonlinear function
y = f(x). The posterior mean ȳ, and covariance matrix
Py of the nonlinear transformation f(.), can be computed
with the unscented transformation by first generating 2d+1
sigma points X i, i ∈ {0, .., 2d}, and corresponding weights
Wi, i ∈ {0, .., 2d}, and then propagating these sigma points
through the nonlinearity i.e., Yi = f(X i). The posterior
mean and covariance matrix for y are then estimated as the
weighted sample mean and covariance of the transformed
sigma points.

Subsequently, the first two constraints in Problem (P1)
group together the stochastic terms by concatenating the
state and noise random variables, to create a new augmented
state i.e., xaug

t ∼ N (x̄aug
t , P aug

t ) as shown in Eq. (16b)
and Eq. (16c). The unscented transform is then applied to
the new random variable xaug

t ∈ R8, which has dimension
d = 8, and therefore the constraints in Eq. (16d) - (16i)
compute the sigma points X i

t , i ∈ {0, .., 2d} of xaug
t , and

their corresponding weights Wi, i ∈ {0, .., 2d}. The scaling

parameter λ is given by λ = α2(d+ϱ)−d, where α denotes
the spread of the sigma points around the mean, and ϱ is a
secondary scaling parameter. The parameter β in Eq. (16h) is
used for incorporating prior knowledge about the distribution
of xaug

t , and finally,
(√

(d+ λ)P aug
t

)
i

denotes the ith row

of the square root of the scaled covariance matrix P aug
t . A

detailed discussion on how to choose the parameters of the
UT can be found in [45]. The generated sigma points X i

t

are then propagated through the agent’s non-linear dynamics,
as shown in Eq. (16j), for some control input ut to obtain
the transformed sigma points X i

t+1 for the next time-step
t + 1. These sigma points are then used to approximate
the distribution of the agent’s state at the next time-step as
N (x̄t+1, Pt+1). This is shown in Eq. (16k) - (16m).

B. UAV Guidance

Based on the posterior distribution of the agent’s state at
each time-step, the constraints shown in Eq. (16n) - (16q)
guide the UAV agent to pass from all waypoints W which are
associated with the set of facets K̃. As mentioned previously,
for each facet K̃n, n ∈ {1, .., N} that needs to be covered,
we generate a waypoint Wn with centroid Ŵn ∈ R3 given
by:

Ŵn = c(hfovγn) + K̃c
n, n ∈ {1, .., N}, (4)

where γn is the unit normal vector to the plane which
contains facet K̃n, hfov is the range of the camera FOV
as described in Sec. III-B, K̃c

n is the centroid of facet K̃n,
and finally c ∈ [0, 1] is a scaling parameter which adjusts
the distance between Ŵn and K̃c

n. The generated waypoint
Wn is represented in this work by a cube, with length ℓW ,
centered around the point Ŵn, and thus Wn is composed of
L = 6 equal faces. The equation of the plane which contains
the lth face of the nth waypoint is given by:

a⊤l,np = bl,n, l ∈ {1, .., L}, n ∈ {1, .., N}, (5)

where a⊤l,np denotes the dot product between the outward unit
normal vector al,n to the plane which contains face l, and the
point p ∈ R3. bl,n is a constant obtained from the dot product
of al,n with a known point on the plane. Subsequently, a
point p ∈ R3 which resides inside the convex hull of some
waypoint Wn, denoted hereafter as p ∈Wn, must satisfy the
following condition:

p ∈Wn ⇐⇒ a⊤l,np ≤ bl,n, ∀l ∈ {1, .., L}. (6)

as illustrated in Fig. 4(a). Therefore, in a deterministic
scenario it would suffice to substitute the agent’s position
i.e., xp

t for p in Eq. (6) to determine whether the agent passes
through the waypoint Wn at some time-step t. However, in
the application scenario investigated in this work the agent’s
state, and therefore its position, is a random variable and as
a consequence Eq. (6) cannot be used directly. For notational
convenience, let us denote the agent’s position at time-step
t as xp

t ∼ N (x̄p
t , P

p
t ), which is extracted from the agent’s

state at time-step t. Then, the constraint shown in Eq. (6)
can be transformed into the following probabilistic form:

Pr(−a⊤l,nxp
t + bl,n ≤ 0) ≤ δW , ∀l ∈ {1, .., L}, (7)
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ãl,m,t

<latexit sha1_base64="u1JrJKEtUT5r37VaFEWd82XEfqM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosevFYwX5AG8pmu2mX7iZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLkXEmyhQ8k6iOVWB5O1gfDfz209cGxFHjzhJuK/oMBKhYBSt1G71M3WB03654lbdOcgq8XJSgRyNfvmrN4hZqniETFJjup6boJ9RjYJJPi31UsMTysZ0yLuWRlRx42fzc6fkzCoDEsbaVoRkrv6eyKgyZqIC26kojsyyNxP/87ophjd+JqIkRR6xxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJlWwI3vLLq6R1WfWuqrWHWqV+m8dRhBM4hXPw4BrqcA8NaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz86zo+D</latexit>

Vm,t

(b)(a)

Fig. 4. (a) A point p ∈ R3 resides within the convex-hull of the cuboid
shown in the figure when a⊤l,np ≤ bl,n, ∀l ∈ {1, .., 6}. (b) A point
p ∈ R3 is covered at time-step t with the agent’s mth camera FOV Vm,t

when ã⊤ℓ,m,tp ≤ b̃ℓ,m,t, ∀ℓ ∈ {1, .., 5}.

where δW is the probability for which the lth constraint is
not satisfied i.e., a⊤l,nx

p
t > bl,n, with probability δW . We can

now convert the probabilistic constraint shown in Eq. (7) into
a linear deterministic constraint which takes into account
the posterior distribution of the agent’s state as follows:
First, we define the random variable yl,n = −a⊤l,nxp

t + bl,n
which is distributed according to yl,n ∼ N (−a⊤l,nx̄p

t +

bl,n, al,nP
p
t a

⊤
l,n), and so we need to compute:

Pr(yl,n ≤ 0) ≤ δW . (8)

We then use the inverse cumulative distribution function of
the normal distribution (i.e., the quantile function) to find a
deterministic constraint on the mean of yl,n which satisfies
Eq. (8) for the desired probability δW . More specifically, the
quantile function Φ−1(δ) of a normal random variable with
mean µ and variance σ2 is given by [46]:

Φ−1(δ) = µ+ σ
√
2 · erf−1(2δ − 1), δ ∈ [0, 1], (9)

where erf−1(.) is the inverse error function. Now we can find
the value of µ which satisfies Eq. (8), by substituting in Eq.
(9) δW for δ, the standard deviation of yl,n for σ, and then
solve for µ which for yl,n is equal to µ = −a⊤l,nx̄p

t + bl,n.
Therefore we have that:

Pr(yl,n ≤ 0) ≤ δW =⇒ a⊤l,nx̄
p
t − bl,n ≤ −ζWl,n,t, (10)

where ζWl,n,t =
√

2al,nP
p
t a

⊤
l,n · erf−1(1− 2δW). The discus-

sion above is demonstrated in Fig. 5.
Based on the above discussion, the constraint shown in

Eq. (16n) checks whether the expected value of the agent’s
location i.e., x̄p

t ∈ R3, at time-step t ∈ {1, .., T} satisfies the
inequality a⊤l,nx̄

p
t ≤ bl,n − ζWl,n,t, for the lth face of the nth

waypoint, using the decision variable w1
l,n,t ∈ [0, 1]. When

the agent’s position resides within the nth waypoint Wn, at
some time-step t, then w1

l,n,t > 0,∀l ∈ {1, .., L}. On the
other hand, when the inequality a⊤l,nx̄

p
t ≤ bl,n − ζWl,n,t is

violated, the decision variable w1
l,n,t takes the zero value to

satisfy the constraint shown in Eq. (16n). Then, the decision
variable w2

n,t ∈ [−L, 0] shown in Eq. (16o) is maximized
i.e., w2

n,t = 0 when the agent resides within the waypoint
Wn at some time-step t ∈ [1, .., T ] and w1

l,n,t = 1, ∀l. To
ensure that w1

l,n,t = 1, ∀l, for some time-step t for waypoint
Wn, we utilize the constraints shown in Eq. (16p) and Eq.
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Fig. 5. Left: The figure illustrates the UAV’s planned trajectory for passing
through a single waypoint for two different values of δW . The uncertainty
on the UAV state (i.e., the covariance matrix associated with posterior
distribution) is depicted in this figure as an error ellipsoid. Right: Various
realizations of the UAV’s state are drawn from the posterior distribution,
and shown as particles for the two values of δW .

(16q) with the use of the decision variable w3
n,t ∈ [0, 1]

which is enforced to take non-zero value for at least one
time-step t ∈ [1, .., T ] during the planning horizon for each
waypoint. Subsequently, at the time-step t for which w3

n,t ̸=
0, the constraint in Eq. (16p) forces the decision variable
w2

n,t to take a non-negative value, which only occurs when
the decision variable w1

l,n,t = 1,∀l ∈ {1, .., L}, which in
turn drives the agent’s distribution inside the waypoint Wn

at time-step t through the constraint in Eq. (16n).
To summarize, the logical constraints shown Eq. (16n) -

Eq. (16q) which are realized through the continuous decision
variables w1, w2, and w3, allow the UAV agent to visit all
N waypoints at least once during the planning horizon by
deciding on the fly the waypoint traversal order.

C. UAV Camera Control

The constraint in Eq. (16r) computes the mth camera FOV
state at time-step t. As a reminder the camera FOV state
Vm,t, m ∈ {1, ..,M} can take at each time step t, one out
of M different configurations as discussed in Sec. III-B.

A point p ∈ R3 resides inside the convex hull of the
camera FOV at time-step t, when it satisfies the following
system of linear inequalities:

ã⊤ℓ,m,tp ≤ b̃ℓ,m,t, ∀ℓ ∈ {1, .., L̃}, (11)

where L̃ = 5 denotes the 5 faces of the camera’s FOV,
ã⊤ℓ,m,tp is the dot product between the outward normal
vector ãℓ,m,t on the plane which contains the ℓth face of
the camera’s FOV and the point p, and finally b̃ℓ,m,t is a
constant, as shown in Fig. 4(b). Therefore, the constraint
in Eq. (16s) uses the decision variable g1ℓ,m,n,t ∈ [0, 1] to
essentially select the camera FOV state m which at time-step
t covers the centroid K̃c

n of the nth facet K̃n, which occurs
when g1ℓ,m,n,t > 0,∀ℓ. Next, the variable g2m,n,t ∈ [−L̃, 0]
takes a non-negative value (i.e., the value of zero) when for
some m, n, and t the decision variable g1ℓ,m,n,t = 1,∀ℓ,
as indicated by the constraint shown in Eq. (16t). The next
constraint shown in Eq. (16u) makes sure that g2m,n,t will take
a non-negative value for at least one FOV state m, during
the planning horizon for facet K̃n, which in turn will force
the decision variable g1ℓ,m,n,t to take its maximum value for
all faces of the mth FOV i.e., g1ℓ,m,n,t = 1,∀ℓ ∈ {1, .., L̃},
thus selecting the FOV state which covers the centroid of
the nth facet. In order to achieve this, we use the decision
variables w3

n,t, and sFOV
m,t . As we have already discussed, w3

n,t



Problem (P1): Proposed Unscented 3D
Coverage Controller

argmin
u0,...,uT−1

E [J(x1:T ,u0:T−1)] (16a)

subject to: t ∈ {0, .., T − 1}
% Construct augmented state

x̄aug
t = [x̄⊤

t ν̄⊤
t ]

⊤, x̄0 = x̂, ∀t (16b)

P aug
t = blkdiag([Pt Qt]), P0 = P̂ , ∀t (16c)

% Compute sigma points

X 0
t = x̄aug

t , ∀t (16d)

X ĩ
t = x̄aug

t +

(√
(d+ λ)P aug

t

)
ĩ

∀ĩ, t (16e)

X î
t = x̄aug

t −
(√

(d+ λ)P aug
t

)
î−d

∀î, t (16f)

% Compute sigma weights

W0
m′ = λ/(d+ λ) (16g)

W0
c = λ/(d+ λ) + (1− α2 + β) (16h)

W ī
c = W ī

m′ = 1/(2d+ 2λ), ī ∈ {1, .., 2d} (16i)
% Propagate sigma points

X i
t+1 = f(X i

t ,ut), ∀i, t (16j)
% Compute posterior density

x̄t+1 =

2d∑
i=0

Wi
m′X i

t+1, ∀t (16k)

Yi
t+1 = (X i

t+1 − x̄t+1), ∀i, t (16l)

Pt+1 =

2d∑
i=0

Wi
c

[
Yi
t+1(Yi

t+1)
⊤] , ∀t (16m)

% Guidance control

w1
l,n,t+1

[
a⊤l,nx̄

p
t+1−bl,n

]
≤−ζWl,n,t+1w

1
l,n,t+1 ∀l, n, t (16n)

w2
n,t+1 =

L∑
l=1

w1
l,n,t+1 − L, ∀n, t (16o)

w3
n,t+1w

2
n,t+1 ≥ 0, ∀n, t (16p)

T−1∑
t=0

w3
n,t+1 = 1, ∀n (16q)

% Camera control

Vm,t+1 = Vm + x̄p
t+1, ∀m, t (16r)

g1ℓ,m,n,t+1

[
ã⊤ℓ,m,t+1K̃

c
n − b̃ℓ,m,t+1

]
≤ 0, ∀ℓ,m, n, t (16s)

g2m,n,t+1 =

L̃∑
ℓ=1

g1ℓ,m,n,t+1 − L̃, ∀m,n, t (16t)

g2m,n,t+1w
3
n,t+1s

FOV
m,t+1 ≥ 0, ∀m,n, t (16u)

M∑
m=1

sFOV
m,t+1 = 1, ∀t (16v)

max(sFOV
1:M,t+1)−min(sFOV

1:M,t+1) = 1, ∀t (16w)

Problem (P1): Proposed Controller (Cont’d)
% Obstacle avoidance

oj,ξ,t+1

[
â⊤j,ξx̄

p
t+1 − b̂j,ξ

]
≥ ζOj,ξ,t+1oj,ξ,t+1, ∀j, ξ, t (16x)

L̂ξ∑
j=1

oj,ξ,t+1 = 1, ∀ξ, t (16y)

% Operational Bounds (16z)
xt, x̄t ∈ X, ut ∈ U, ∀t
w1

l,n,t, w
3
n,t, g

1
ℓ,m,n,t ∈ [0, 1], ∀l, n, t

sFOV
m,t , oj,ξ,t ∈ [0, 1], ∀m, j, ξ, t
w2

n,t ∈ [−L, 0], g2m,n,t ∈ [−L̃, 0], ∀m,n, t
l ∈ {1, .., L}, ℓ ∈ {1, .., L̃}, n ∈ {1, .., N}
m ∈ {1, ..,M}, j ∈ {1, .., L̂ξ}, ξ ∈ {1, ..,Ξ}
ĩ ∈ {1, .., d}, î ∈ {d+ 1, .., 2d}, i ∈ {0, .., 2d}

takes a positive value for at least one time-step during the
planning horizon for waypoint Wn, which is associated with
facet K̃n, i.e., the time when the agent passes through Wn.
On the other hand, the decision variable sFOV

m,t ∈ [0, 1] uses
constraints shown in Eq. (16v)-(16w) to activate at each time-
step t only one out of the M possible FOV states. Therefore,
the constraint in Eq. (16u) drives the selection of the FOV
state m which covers facet K̃n at time-step t, by enforcing a
non-negative value for the decision variable g2m,n,t through
the decision variables w3

n,t, and sFOV
m,t as shown. We should

mention here, that for brevity we have only discussed the
constraints which result in the coverage of the centroid point
of each facet. However, the constraints in Eq. (16r)-(16w)
can be easily extended to cover the 3 vertices of each facet
instead of the centroid.

D. UAV Obstacle Avoidance

The constraints shown in Eq. (16x) - (16y) make sure that
the UAV agent plans a collision-free coverage trajectory by
avoiding collisions with the object of interest, and various
convex obstacles in the environment. Let us denote the set
of all obstacles in the environment (including the object of
interest) as O, with cardinality Ξ = |O|. In a determinis-
tic scenario collision avoidance with some obstacle Oξ ∈
O, ξ ∈ {1, ..,Ξ}, can be achieved by restricting the agent’s
position xp

t to reside outside the convex-hull of Oξ for all
time-steps t ∈ {1, .., T} during the mission. This is denoted
hereafter as: xp

t /∈ Oξ, ∀t ∈ {1, .., T},∀ξ ∈ {1, ..,Ξ}. Let
the convex-hull of obstacle Oξ to be given by the intersection
of L̂ξ half-spaces, where the jth half-space is generated by
the plane equation:

â⊤j,ξp = b̂j,ξ, j ∈ {1, .., L̂ξ}, (12)

where âj,ξ is the unit outward normal vector to the jth plane,
which generated the jth pair of half-spaces, and â⊤j,ξp denotes
the dot product of âj,ξ with the point p ∈ R3. Consequently,
a collision is avoided between the agent position xp

t and
the obstacle Oξ at time-step t, when the following condition
is satisfied: ∃ j ∈ {1, .., L̂ξ} : â⊤j,ξx

p
t ≥ b̂j,ξ. However,
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Fig. 6. The figure illustrates a simulated 3D coverage scenario with one object of interest. As shown, the UAV is guided through a series of waypoints
according to the mission objective, and simultaneously selects the FOV states which result in the coverage of the specified surface area.

because the agent’s state is stochastic, the previous constraint
cannot be used directly and therefore is transformed into an
equivalent probabilistic constraint which can be written as:

Pr(â⊤j,ξx
p
t − b̂j,ξ ≤ 0) < δO, (13)

where δO is the maximum probability of collision. Following
the same procedure described in Sec. V-B, the probabilistic
constraint in Eq. (13) is converted into a deterministic
constraint on the expected value of the UAV’s position as
shown next:

∃ j ∈ {1, .., L̂ξ} : â⊤j,ξx̄
p
t − b̂j,ξ ≥ ζOj,ξ,t, (14)

where ζOj,ξ,t =
√
2âj,ξP

p
t â

⊤
j,ξ ·erf−1(1−2δO). Subsequently,

obstacle avoidance is enforced with the decision variable
oj,ξ,t ∈ [0, 1] as shown in Eq. (16x)-(16y). Specifically,
observe that when â⊤j,ξx̄

p
t < b̂j,ξ+ζ

O
j,ξ,t, the decision variable

oj,ξ,t becomes oj,ξ,t = 0 to satisfy the constraint in Eq. (16x).
However, as shown in Eq. (16y), the variable oj,ξ,t for each
time-step t, and for each obstacle Oξ is enforced to take
a positive value for some j ∈ {1, .., L̂ξ}. As a result the
obstacle avoidance condition in Eq. (14) is enforced for all
obstacles at all time-steps with the required probability level.

E. Coverage Mission Objective
Finally, the mission objective function i.e., the desired

performance index, is defined in this work as the coverage
trajectory which utilizes the least amount of energy, and at
the same time minimizes the distance between the position
of the UAV at the end of the planning horizon with some
goal region i.e., to allow the UAV agent to return and land
at its home depot at the end of the mission. Thus, Eq. (16a)
is given by:

E [J(x1:T ,u0:T−1)] =

T−1∑
t=0

||ut||22 + ||x̄p
T − Go||22, (15)

where x̄p
T is the expected value of the agent’s position at the

end of the planning horizon (i.e., at time-step T), and Go ∈
R3 is the centroid of the goal region G, which represents the
UAV’s home depot.

VI. EVALUATION

A. Simulation Setup
The evaluation of the proposed approach was conducted

through the following simulation setup: The UAV’s dy-
namical model is described by Eq. (1), with ∆T = 0.1s,
linear velocity up to 12m/s, and angular velocities of up to
π
3 rad/s. The disturbance term νt is distributed according to
νt ∼ N (ν̄t, Qt) with ν̄t = [0 0 0]⊤, and Qt = 10−3I3,
where I3 is the 3 × 3 identity matrix. The agent’s initial
location is distributed according to x0 ∼ N (x̂, P̂ ), with
x̂ = [10 10 10 0 0]⊤, and P̂ = 10−4I5. The UT parameters
α, ϱ, and β are set to 1, 2.5, and 2 respectively. The camera
FOV is represented as a regular right pyramid composed of
L̃ = 5 faces, with horizontal and vertical FOV angles set
to φh = φv = 60deg, and maximum FOV range hfov =
15m. We set Ψy = {−π/2,−π/4, 0, π/4, π/2}, and Ψz =
{−3π/4,−π/2,−π/4, 0, π/4, π/2, 3π/4, π}, therefore there
are M = 40 possible camera FOV states.

The 3D environment E is bounded in each dimension
in the interval [0, 100]m, and the object of interest O to
be covered is given by the Gaussian function f(x, y) =

40 exp
(
−
(

(x−45)2

160 + (y−45)2

160

))
, which has been Delaunay

triangulated into 338 triangular facets K ∈ K. The set of
facets to be covered K̃ ⊆ K was randomly sampled from
the object’s surface area, identifying N = |K̃| = 14 facets
K̃n ∈ K̃, n ∈ {1, .., N} that need to be covered. For each
facet K̃n, a cubical waypoint Wn ∈ W was generated
with length ℓW = 5m, L = 6, and centroid (i.e, center
of mass) given by Eq.(4), with the scale factor c set to
0.8. The probabilities δW , and δO have been set to 0.4
and 0.3 respectively. The goal region G on the ground was
represented by a cuboid centered at Go = [45.5 6 5]⊤. The
non-linear program shown in Problem (P1) was solved using
off-the-shelf non-linear optimization tools [47], [48].

B. Results
Figure 6 illustrates the simulation setup described in the

previous paragraph, and the resulting UAV coverage plan
over a planning horizon of length T = 80 time-steps. In
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Fig. 7. The figure illustrates various realizations of the UAV’s coverage
trajectory sampled from the posterior distribution.

this scenario the objective of the UAV agent is to find
the optimal control inputs according to the objective cost
function shown in Eq. (15), and at the same time cover with
its camera all facets K̃n, n ∈ {1, .., N} on the object’s
surface. More specifically, Fig. 6(a) and Fig. 6(b) show the
object of interest in 3D, and top-down views respectively,
with the facets to be covered marked with blue color. Then,
Fig. 6(c) and Fig. 6(d) show with pink color the generated
waypoints Wn, n ∈ {1, .., N} which are used for the UAV
guidance according to the constraints shown in Eq. (16n) -
(16q). Once the UAV agent goes through a waypoint Wn,
the camera control constraints shown Eq. (16r) - (16w) are
responsible for selecting the camera FOV state which covers
the corresponding facet K̃n. More specifically, Fig. 6(e) -
Fig. 6(i) show different views of the generated coverage plan,
that allowed the agent to pass from all waypoints W , and
cover all facets K̃. In this figure the UAV’s trajectory shown
in cyan color corresponds to the expected value of the agent’s
position x̄p

1:T which has been computed with the unscented
transformation i.e., Eq. (16b) - (16m). As we can observe the
UAV’s expected state is guided through the waypoints, and
its final state reaches at the end of the horizon the goal region
indicated by the red cuboid. Finally, Fig. 6(i) shows the
complete 3D coverage plan, illustrating the selected camera
FOV states which have been used to cover all the required
facets.

Then, for the same experiment, Fig.7 shows 1000 realiza-
tions xi

1:T , i = {1, .., 1000} of the UAV’s trajectory sampled
from the computed posterior distribution of the agent’s state
i.e., xi

t ∼ N (x̄t, Pt), t ∈ {1, .., T}. The result verifies the
applicability of the proposed technique to robustly guide the
UAV agent through its coverage mission in the presence
of uncertainty. The robustness of the generated coverage
trajectories is also demonstrated in Fig. 8 for two different
values of the probability δW . More specifically, Fig. 8(a)
shows the expected value of the agent’s trajectory while
passing through 3 waypoints, and the camera FOV states
that were selected for the coverage of the 3 facets. This
result was obtained with δW = 0.01. Then, Fig. 8(b)-(c)
illustrates the effect of δW on the generated coverage trajec-
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Fig. 8. The figure illustrates the robustness of the proposed approach for
different levels of the probability δW used for the UAV guidance through
the waypoints.
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Fig. 9. The figure illustrates the behavior of the proposed controller for
two different values of the probability of collision δO .

tory. Specifically, the green line indicates the initial trajectory
which was obtained with δW = 0.01, and the orange line
indicates the coverage trajectory which was obtained with
δW = 0.4. The figure also shows the uncertainty on the
position of the UAV at the time-steps for which the UAV
passes through the waypoints. This uncertainty is shown
here as the 99.9% confidence error ellipsoid of posterior
distribution of the agent’s state. When δW is equal to 0.01 the
error ellipsoid (i.e., denoting the distribution of the agent’s
position) moves closer the center each waypoint in order to
satisfy the probabilistic constraints in Eq. (8) at the 0.01
probability level. However, when δW = 0.4, the frequency
of cases where the UAV misses the waypoint increases, as
indicated by the ellipsoid volume outside the waypoints.

Finally, Fig. 9 illustrates the UAV’s behavior for different
values of δO i.e., the probability of collision. In particular,
Fig.9(a) shows the UAV’s coverage plan for the scenario
depicted with the maximum probability of collision set to
δO = 0.5, whereas Fig. 9(b) shows the same scenario with
δO = 0.01. As shown in Fig. 9(a), when the probability of
collision is set to 0.5, the UAV manages to pass through
the narrow corridor between the obstacles. However, when



the probability of collision is set to less or equal to 0.001,
the planned trajectory can no longer pass between the two
obstacles. Instead in order to ensure a safe path at this
probability level, the UAV go around the obstacles as shown
in Fig. 9(b).

VII. CONCLUSION

In this work we have proposed a novel coverage planning
approach which utilizes the unscented transformation to
compute probabilistically robust open-loop trajectories for
3D object coverage. The proposed optimal control coverage
problem integrates logical constraints to allow the joint opti-
mization of the UAV’s motion and camera control inputs. We
have showed how the logical expressions in the constraints
can be realized using equality/inequality constraints involv-
ing only continuous variables, and how the probabilistic
constraints can be converted into deterministic constraints
on the mean state of the agent. Simulation results show the
effectiveness of the proposed approach. Future work will
focus on the implementation and real-world performance of
the proposed approach.
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